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Abstract
We consider a closed odd-dimensional oriented manifold M together with an
acyclic flat hermitean vector bundle F . We form the trivial fibre bundle with fi-
bre M over the manifold of all Riemannian metrics on M . It has a natural flat
connection and a vertical Riemannian metric. The higher analytic torsion form of
Bismut/Lott associated to the situation is invariant with respect to the connected
component of the identity of the diffeomorphism group of M . Using that the space
of Riemannian metrics is contractible we define continuous cohomology classes of
the diffeomorphism group and its Lie algebra. For the circle we compute this classes
in degree 2 and show that the group cohomology class is non-trivial, while the Lie
algebra cohomology class vanishes.
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1 The form T
Let M be a closed odd-dimensional oriented manifold. By Met(M) we denote the space
of all Riemannian metrics on M . It is a convex open subset of C∞(M,S2T ∗M) and
therefore a Fre´chet manifold.
By Diff(M) we denote the group of diffeomorphisms of M . It is a Fre´chet Lie group,
and its Lie algrabra is X (M) = C∞(M,TM). The group Diff(M) acts on Met(M) by
(f, g) ∈ Diff(M)×Met(M) 7→ w(f)g := (f−1)∗g ∈ Met(M) .
By Diff(M)0 we denote the connected component of the identity of Diff(M).
Let F → M be a flat hermitan vector bundle. By Diff(M,F ) we denote the group
of its automorphisms. Diff(M,F ) is again a Fre´chet Lie group, and we denote by
Diff(M,F )0 its connected component of the identity. There is a natural surjection
qF : Diff(M,F )0 → Diff(M)0.
Assumption 1.1 We assume that F is acyclic, i.e., that H∗(M,F) = 0, where F is the
sheaf of parallel sections of F .
We are going to define a closed and Diff(M)0-invariant form
T = T0 + T2 + T4 . . . , T2i ∈ Ω2i(Met(M))
by specializing the higher real analytic torsion introduced by Bismut/Lott [1].
Let Ω∗(M,F ) denote the space of F -valued forms on M . If we choose a Riemannian
metric g ∈ Met(M), then we can define an L2-scalar product on Ω∗(M,F ). For X ∈
X (M) let i(X) ∈ End(Ω∗(M,F )) denote the insertion of X . We put e(X) := i(X)∗ and
define
c(X) := e(X)− i(X), cˆ(X) := e(X) + i(X) .
Let ∇ denote the connection on Λ∗T ∗M ⊗ F induced by the Levi-Civita connection
associated to g and the flat connection on F .
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We identify TgMet(M) ∼= C∞(M,S2T ∗M) in the natural way. Then we define S ∈
Hom(TgMet(M),End(Ω∗(M,F ))) by
S(h) := h(ei, ej)c(ei)cˆ(ej), h ∈ TgMet(M) ,
where {ei} denotes a local orthonormal frame on M .
We put Ak := Hom(ΛkTgMet(M),End(Ω∗(M,F ))) and A := ⊕kAk. Then there is a
natural product Ak ⊗Al → Ak+l.
For t > 0 we define
Dt := −
√
tcˆ(ei)∇ei + S ∈ A . (1)
By N ∈ A0 we denote the Z-grading on Ω∗(M,F ). We have D2t := −t∆(mod A>0), where
∆ is the Laplacian on Ω∗(M,F ) defined with the Riemannian metric g. Hence for any
i ∈ N and for t > 0 the term [(1 + 2D2t )eD2t ]i ∈ Ai has values in the trace class operators
on Ω(M,F ).
Lemma 1.2 For all i ∈ 2N0 and h ∈ ΛiTgMet(M) the integral
Ti(h) := −( 1
2πı
)i/2
∫ ∞
0
TrsN [(1 + 2D
2
t )e
D2t ]i(h)
dt
t
(2)
converges. Moreover T := T0 + T2 + T4 + . . . is a closed form in Ω
ev(Met(M)).
Proof. We show how this can be deduced from the results of [1] by specialization. We
consider the trivial fibre bundle p : E := Met(M) ×M → Met(M). Let q : E → M
denote the projection onto the second factor. Then q∗F → E is a flat hermitean vector
bundle over E. We choose the tautological vertical Riemannian metric on E such that
the fibre Eg carries the metric g ∈ Met(M). There is a natural choice of a horizontal
distribution THE → E given by the kernel of dq.
The tensor T given in [1], (3.11), vanishes since THE is integrable. Since q∗F is flat
as a hermitean vector bundle the tensor ψ introduced in [1], (d), vanishes, too. The
symmetric tensor ωαkj defined in [1], (3.21), is can be identified with the linear map
h ∈ TgMet(M) → ω(h)ij = h(ei, ej). Thus D1 coincides with 2X defined in [1], (3.41).
One can now check that Dt is just twice the operator given in [1], (3.50).
Convergence of the integral (2) follows from [1], Thm. 3.21. By [1], Cor. 3.25 the
form T is closed. ✷
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Lemma 1.3 The form T is invariant under Diff(M)0.
Proof. Via the homomorphism qF : Diff(M,F )0 → Diff(M)0 the group Diff(M,F )0
acts on M , Met(M), and thus on E such that the projections p, q are equivariant. Since
q is equivariant, the horizontal distribution THE is Diff(M,F )0 invariant. The tauto-
logical vertical Riemannian metric is invariant with respect to Diff(M,F )0, too. Now
Diff(M,F )0 acts on q∗F → E by automorphisms of flat hermitean vector bundles.
Since all structures used to define T are Diff(M,F )0-invariant, we conclude that
T is invariant with respect to Diff(M,F )0, too (compare [1]. Thm. A 1.1). Since
qF : Diff(M,F )0 → Diff(M)0 is surjective, T is invariant under Diff(M)0. ✷
2 Group cohomology classes of Diff (M)0
Let T be a closed p-form on the convex subset Met(M) of C∞(M,S2T ∗M) which is
invariant under Diff(M)0. We fix a base point gb ∈ Met(M). If f0, . . . fp ∈ Diff(M)0,
then we define a smooth map
s(f0, . . . , fp) : ∆
p →Met(M)
from the standard p-simplex ∆p to Met(M) by s(f0, . . . , fp)(t) := ∑pi=0 tiw(f)gb, where
t = (t0, . . . , tp) ∈ ∆p,∑pi=0 ti = 1. If f ∈ Diff(M)0, then s(ff0, . . . , ffp) = w(f)s(f0, . . . , fp).
Let Cp(Diff(M)0) be the space of real alternating group p-cochains, and let d :
Cp(Diff(M)0)→ Cp+1(Diff(M)0) be the usual differential [3], Ch 1.5. Then Diff(M)0
acts on Cp(Diff(M)0) by (fc)(f0, . . . , fp) := c(f−1f0, . . . , f−1fp). We define the cochain
cT by
cT (f0, . . . , fp) :=
∫
∆p
s(f0, . . . , fp)
∗T .
Lemma 2.1 cT is a Diff(M)0-invariant cocycle.
Proof. Let f ∈ Diff(M)0. Then
(fcT )(f0, . . . , fp) = cT (f
−1f0, . . . , f−1fp)
=
∫
∆p
s(f−1f0, . . . , f
−1fp)
∗T
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=
∫
∆p
(w(f−1) ◦ s(f0, . . . , fp))∗T
=
∫
∆p
s(f0, . . . , fp)
∗w(f−1)∗T
=
∫
∆p
s(f0, . . . , fp)
∗T
= cT (f0, . . . , fp) .
We have by Stokes Lemma
(dcT )(f0, . . . , fp+1) =
p+1∑
i=0
(−1)pcT (f0, . . . , fˆi, . . . , fp+1)
=
p+1∑
i=0
(−1)p
∫
∆p
s(f0, . . . , fˆi, . . . , fp+1)
∗T
=
∫
∂∆p+1
s(f0, . . . , fp+1)
∗T
=
∫
∆p+1
d(s(f0, . . . , fp+1)
∗T )
=
∫
∆p+1
s(f0, . . . , fp+1)
∗dT
= 0 .
✷
Thus cT defines a cohomology class hT ∈ H∗(Diff(M)0,R).
Lemma 2.2 hT does not depend on the choice of the base point gb.
Proof. Let g′b ∈ Met(M) be another base point and c′T be defined using g′b. Then we
define the chain u ∈ Cp−1(Diff(M)0) by
u(f0, . . . , fp−1) =
∫
∆p−1×I
Up−1(f0, . . . , fp−1)∗T ,
where Up−1(f0, . . . , fp−1) : ∆p−1 × I → Met(M) is given by Up−1(f0, . . . , fp−1)(t, s) :=∑p−1
i=0 ti(sgb + (1− s)g′b). Now we have
c′T (f0, . . . , fp)− cT (f0, . . . , fp)− du(f0, . . . , fp) =
∫
∂(∆p×I)
Up(f0, . . . , fp)
∗T
=
∫
∆p×I
Up(f0, . . . , fp)
∗dT
= 0 .
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✷
Recall that Diff(M)0 is a Fre´chet Lie group. Let C∗c (Diff(M)0) ⊂ C∗(Diff(M)0)
denote the subcomplex of smooth cochains andH∗c (Diff(M),R) be its cohomology. Then
u, cT ∈ C∗c (Diff(M)0), and hT ∈ Hpc (Diff(M),R) is well-defined independently of the
choice of gb.
Definition 2.3 In the special case that T is the higher analytic torsion form associated
to the closed odd-dimensional oriented manifold M and the acyclic locally constant sheaf
of Hilbert spaces F defined in Section 1 we denote the class hT by T (M,F).
3 Lie algebra cohomology classes of X (M)
Recall that X (M) is the Lie algebra of Diff(M)0. Let C∗(X (M)) := Hom(Λ∗X (M),R)
denote the complex of continuous Lie algebra cochains with differential d (see [4], Ch.
1.3). There is a natural map of cochain complexes D : C∗c (Diff(M)0) → C∗(X (M))
given by
(Dc)(X1, . . . , Xp) := p d
dt1 t1=0
. . .
d
dtp tp=0
c(1, et1X1 , . . . , etpXp) ,
c ∈ Cpc (Diff(M)0), Xi ∈ X (M). Let D∗ : Hc(Diff(M),R)→ H∗(X (M),R) denote the
induced map.
If X ∈ X (M), then we define
hX :=
d
dt t=0
w(etX)gb ∈ TgbMet(M) .
Lemma 3.1 Let T be a closed p-form on Met(M). We have
(DcT )(X1, . . . , Xp) = 1
(p− 1)!T (hX1 ∧ . . . ∧ hXp) .
Proof. We have
s(1, eǫ1X1 , . . . , eǫpXp)(t) = t0gb +
p∑
i=1
tie
ǫiXi(gb)
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= t0gb +
p∑
i=1
ti(gb + ǫihXi +O(ǫ
2
i ))
ds(1, eǫ1X1 , . . . , eǫpXp)(t) = gbdt0 +
p∑
i=1
dti(gb + ǫihXi +O(ǫ
2
i ))
=
p∑
i=0
dtigb +
p∑
i=1
dti(ǫihXi +O(ǫ
2
i ))
=
p∑
i=1
dti(ǫihXi +O(ǫ
2
i ))
s(1, eǫ1X1 , . . . , eǫpXp)∗T (t) = (
p∏
i=1
ǫi)T (hX1 ∧ . . . ∧ hXp)(
p∏
i=1
dti) +O(ǫ
2
1, . . . , ǫ
2
p)
cT (1, e
ǫ1X1 , . . . , eǫpXp) = (
p∏
i=1
ǫi)T (hX1 ∧ . . . ∧ hXp)
∫
∆p
(
p∏
i=1
dti) +O(ǫ
2
1, . . . , ǫ
2
p)
=
1
p!
T (hX1 ∧ . . . ∧ hXp)(
p∏
i=1
ǫi) +O(ǫ
2
1, . . . , ǫ
2
p) .
This implies the Lemma. ✷
4 Computations for the circle
In this section we explicitly compute T2 ∈ Ω2(Met(S1)), T2(M,F) ∈ H2c (Diff(M),R)
and D∗T2(S1,F) ∈ H2(X (M),R) in the case that M = S1 and F is a locally constant
sheaf of one-dimensional Hilbert spaces with non-trivial holonomy.
We identify S1 ∼= R/Z. Let F be the flat hermitean vector bundle associated to F .
Up to isomorphism F is determined by its holonomy e2πıa, a ∈ [0, 1). If a ∈ (0, 1), then
F is acyclic.
We make the identification Ωp(S1, F ) ∼= {f ∈ C∞(R) | f(x+ 1) = e2πıaf(x)} := H for
p = 0, 1 using the form dx in the case p = 1. We further identify C∞(S1, S2T ∗S1) with
C∞(S1) using the metric dx2.
Let gb be the standard metric dx
2 on S1 of volume 1. Then w(Diff(S1)0)dx2 =
Met1(S1), where Met1(S1) = {g ∈ Met(S1) | volg(S1) = 1}. In order to compute the
restriction of T to Met1(S1) it is therefore sufficient to compute T (dx2).
In the following we fix the metric dx2. We put i := i(∂x), e := e(∂x) = dx∧. Then
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c = e− i, cˆ = e+ i, and ccˆ = −z, where z is the Z2-grading of Ω∗(S1, F ).
Let V ⊂ Tdx2Met(S1) be a finite-dimensional subspace and Gr(V ∗) be the Grassmann
algebra generated by V ∗. Then Gr(V ∗) is a Z-graded algebra, and we denote by Gr(V ∗)p
the subspace of elements of degree p. We choose a base {hα} of V and let {Eα} denote
the dual base. Then we define
D := −cˆ∂x − hαEαz
acting on H⊗C2, where
cˆ :=
(
0 1
1 0
)
, z =
(
1 0
0 −1
)
,
hα ∈ C∞(S1) acts as multiplication operator on H, and {Eα, cˆ} = 0 = [Eα, z].
The operatorD corresponds toD1 in (1) under the identifications above. We obtainDt
by rescaling. For t > 0 let Ψt : V → V be multiplication by 1√t and Ψ∗t : Gr(V ∗)→ Gr(V ∗)
be the induced automorphism. Then we have Dt = Ψ
∗
t
√
tD.
We have
D2 = ∂2x + {cˆ∂x, hαEαz} + hαhβEαEβ
= ∂2x + 2cˆhαE
αz∂x + cˆ(∂xhα)E
αz .
We can write TrsN(1 + 2D
2
t )e
D2t = Ψ∗t (1 + 2t
d
dt
)TrsNe
tD2 , where
N =
(
0 0
0 1
)
.
We want to compute [etD
2
]2 ∈ Gr(V ∗)2⊗End(Ω∗(S1, F )). Let Rα := −2cˆhαz∂x−cˆ(∂xhα)z.
Then we have D2 = ∂2x + E
αRα. By Duhamel’s formula we have
[etD
2
]2 = −t2EαEβ
∫
∆2
etσ0∂
2
xRαe
tσ1∂2xRβe
tσ2∂2xdσ
= t2EαEβ
∫
∆2
etσ0∂
2
x(2hα∂x + ∂xhα)e
tσ1∂2x(2hβ∂x + ∂xhβ)e
tσ2∂2xdσ ,
TrsN [e
tD2 ]2 = −t2EαEβTr
∫
∆2
etσ0∂
2
x(2hα∂x + ∂xhα)e
tσ1∂2x(2hβ∂x + ∂xhβ)e
tσ2∂2xdσ ,
where the operator in the last line acts on H.
For k ∈ Z let fk(x) := e2πı(k+a)x. Then ∂2xfk = −4π2(k + a)2fk. Furthermore, for
α ∈ Z let hα(x) := e2πıαx. Let V be spanned by a finite number of these hα. Then we
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have
etσ2∂
2
xfk = e
−4π2(k+a)2tσ2fk
(2hβ∂x + ∂xhβ)e
tσ2∂2xfk = 2πı(2(k + a) + β)e
−4π2(k+a)2tσ2fk+β
etσ1∂
2
x(2hβ∂x + ∂xhβ)e
tσ2∂2xfk
= 2πıe−4π
2(k+a+β)2tσ1(2(k + a) + β)e−4π
2(k+a)2tσ2fk+β
(2hα∂x + ∂xhα)e
tσ1∂2x(2hβ∂x + ∂xhβ)e
tσ2∂2x
= −4π2(2(k + a+ β) + α)
e−4π
2(k+a+β)2tσ1(2(k + a) + β)e−4π
2(k+a)2tσ2fk+β+α
etσ0∂
2
x(2hα∂x + ∂xhα)e
tσ1∂2x(2hβ∂x + ∂xhβ)e
tσ2∂2xfk
= −4π2e−4π2(k+a+β+α)2tσ0(2(k + a+ β) + α)
e−4π
2(k+a+β)2tσ1(2(k + a) + β)e−4π
2(k+a)2tσ2fk+β+α
We conclude that if α + β 6= 0, then
Tr etσ0∂
2
x(2hα∂x + ∂xhα)e
tσ1∂2x(2hβ∂x + ∂xhβ)e
tσ2∂2x = 0 .
If α = −β, then
Tr etσ0∂
2
x(2hα∂x + ∂xhα)e
tσ1∂2x(2hβ∂x + ∂xhβ)e
tσ2∂2x
= −4π2 ∑
k∈Z
e−4π
2(k+a)2tσ0(2(k + a)− α)e−4π2(k+a−α)2tσ1(2(k + a)− α)e−4π2(k+a)2tσ2
= −4π2 ∑
k∈Z
(2(k + a)− α)2e−4π2(k+a)2te4π2α(2(k+a)−α)tσ1 .
Now ∫
∆2
f(σ1)dσ =
∫ 1
0
f(σ1)
∫ σ1
0
dσ2dσ1
=
∫ 1
0
f(σ1)σ1dσ1 .
We conclude
Tr
∫
∆2
etσ0∂
2
x(2hα∂x + ∂xhα)e
tσ1∂2x(2hβ∂x + ∂xhβ)e
tσ2∂2xdσ
= −4π2 ∑
k∈Z
∫ 1
0
(2(k + a)− α)2e−4π2(k+a)2te4π2α(2(k+a)−α)tσσdσ
= −4π2 ∑
k∈Z
e−4π
2(k+a)2t
∫ 2(k+a)−α
0
e4π
2αtuudu
= −4π2 ∑
k∈Z
e−4π
2(k+a)2t
(
e4π
2αt(2(k+a)−α)(2(k + a)− α)
4π2αt
− e
4π2αt(2(k+a)−α) − 1
(4π2αt)2
)
= −4π2 ∑
k∈Z
(
e−4π
2(k+a−α)2t
(
2(k + a)− α
4π2αt
− 1
(4π2αt)2
)
+
e−4π
2(k+a)2t
(4π2αt)2
)
.
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Since EαE−α = −E−αEα we obtain by some resummation
−t2EαE−αTrs
∫
∆2
etσ0∂
2
xRαe
tσ1∂2xR−αetσ2∂
2
xdσ
=
2t
α
EαE−α
∑
k∈Z
(k + a)e−4π
2(k+a)2t .
Using
t−2(1 + 2t
d
dt
) = (5 + 2t
d
dt
)t−2
we obtain
−EαE−αt−1Ψt(1 + 2t d
dt
)t2Trs
∫
∆2
etσ0∂
2
xRαe
tσ1∂2xR−αetσ2∂
2
xdσ
−EαE−αt−2(1 + 2t d
dt
)t2Trs
∫
∆2
etσ0∂
2
xRαe
tσ1∂2xR−αetσ2∂
2
xdσ
= (5 + 2t
d
dt
)
2
tα
EαE−α
∑
k∈Z
(k + a)e−4π
2(k+a)2t .
We employ
e−4π
2(k+a)2t =
1
2π1/2
∫ ∞
−∞
e−z
2/4e−2πı(k+a)t
1/2zdz
in order to write
(5 + 2t
d
dt
)
2
tα
∑
k∈Z
(k + a)e−4π
2(k+a)2t
= (5 + 2t
d
dt
)
2
tα
∑
k∈Z
1
2π1/2
∫ ∞
−∞
e−z
2/4 −1
2πıt1/2
d
dz
e−2πı(k+a)t
1/2zdz
= (5 + 2t
d
dt
)
ı
4t3/2απ3/2
∑
k∈Z
∫ ∞
−∞
ze−z
2/4e−2πı(k+a)t
1/2zdz
= (5 + 2t
d
dt
)
ı
4t3/2απ3/2
∫ ∞
−∞
e−2πıat
1/2z
∑
k∈Z
e−2πıt
1/2zkze−z
2/4dz
= (5 + 2t
d
dt
)
ı
4t3/2απ3/2
∫ ∞
−∞
e−2πıat
1/2z
∑
m∈Z
δ(t1/2z −m)ze−z2/4dz
= (5 + 2t
d
dt
)
ı
4t5/2απ3/2
∑
m∈Z
me−m
2/4te−2πıam
=
ı
2t3/2απ3/2
∑
m∈Z
m
d
dt
e−m
2/4te−2πıam
=
ı
8t7/2απ3/2
∑
m∈Z
m3e−m
2/4te−2πıam .
Integrating from 0 to ∞ with respect to t and substituting t = m2/z we obtain∫ ∞
0
ı
8t7/2απ3/2
∑
m∈Z
m3e−m
2/4te−2πıamdt
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=
ı
8απ3/2
∑
m∈Z\{0}
sign(m)
1
m2
e−2πıam
∫ ∞
0
z3/2e−z
2/4dz
=
1
4απ3/2
∫ ∞
0
z3/2e−z
2/4dz
∑
m≥1
1
m2
sin(2πam) .
Note that ∫ ∞
0
z3/2e−z
2/4dz =
1
2
∫ ∞
0
z1/2e−z
2/42zdz
=
1
2
∫ ∞
0
u1/4e−u/4du
= 23/2
∫ ∞
0
v1/4e−vdv
= 23/2
∫ ∞
0
v5/4−1e−vdv
= 23/2Γ(5/4) .
We conclude
Lemma 4.1 Let V be spanned by hα, |α| ≤ R. Then
(T2)|V =
1
21/2π5/2ı
Γ(5/4)

∑
m≥1
1
m2
sin(2πam)

 R∑
α=1
α−1EαE−α .
Next we compute D∗T2(S1,F). For k ∈ Z let Xk(x) := e2πıkx∂x ∈ X (S1). Then
hXk(x) = −4πıke2πıxkdx2. By Lemma 3.1 and 4.1 we have
DcT2(Xk, Xh) = T2(hXk , hXh)
=
1
21/2π5/2ık
Γ(5/4)(−4πıke2πıxk)(−4πıhe2πıxh)δk+h
∑
m≥1
1
m2
sin(2πam)
= 27/2π−1/2ıkΓ(5/4)δk+h
∑
m≥1
1
m2
sin(2πam)
Define u ∈ C1(X (S1)) by u(f∂x) :=
∫
S1 f(x)dx. Then du(f1∂x, f2∂x) = u([f1∂x, f2∂x]). In
particular,
du(Xk, Xh) = 2πı(h− k)
∫
S1
e2πı(k+h)dx
= 2πı(h− k)δh+k
= −4πıkδh+k .
We conclude that
DcT2 = −23/2π3/2Γ(5/4)

∑
m≥1
1
m2
sin(2πam)

 du .
Thus we have shown the following
4 COMPUTATIONS FOR THE CIRCLE 11
Lemma 4.2
D∗T2(S1,F) = 0 .
Finally we compute T2(S1,F) ∈ H2c (Diff(S1)0,R). By [4], Thm. 3.4.4, the ring
H∗c (Diff(S1)0,R) is generated by two classes α, β ∈ H2c (Diff(S1)0,R), where β2 = 0,
D∗β = 0, and D∗α 6= 0. Thus T2(S1,F) = cβ for some constant c ∈ R. It remains to
describe β and to determine the constant c. As explained in [4], there is a commutative
diagram
0 → H1top(Diff(S1)0,R) b→ H2c (Diff(S1)0,R) → H2(X (S1),R) →
a ↓∼= w ↓
0 → H1top(SL(2,R),R) v→ H2c (SL(2,R),R) → 0 →
,
where the vertical maps are induced by the inclusion SL(2,R) →֒ Diff(S1)0 which is
a homotopy equivalence of topological spaces, H∗top denotes cohomology of topological
spaces, and we have used that H1(sl(2,R),R) = 0, H2(sl(2,R),R) = 0, H1(X (S1),R) =
0.
The Cartan decomposition gives a decomposition SL(2,R) = SO(2)×R2 as topologi-
cal space, where SO(2) ∼= S1 is a maximal compact subgroup. Let f : SL(2,R)→ SO(2)
be projection onto the first factor.
We fix the orientation of SO(2) such that
(
0 −1
1 0
)
∈ so(2)
points into the positive direction. Let δ ∈ H1top(SL(2,R),R) be such that 〈δ, [SO(2) ×
{0}]〉 = 1. Then β := b ◦ a−1(δ).
We determine the constant c using the identity w(T2(S1,F)) = cv(δ). By [4], Thm.
3.4.3., there is a unique sheet of Arg such that c′ : SL(2,R) × SL(2,R) → R given by
c′(g, h) := 1
2π
Arg(f(gh)−f(h)−f(g)) satisfies c′(1, 1) = 0. The function c′ represents v(δ)
using the description [4], Ch. 4.1 (II), of H2c (SL(2,R),R). As explained in [4], p. 264, the
class v(δ) is also represented by the cocylce (g, h) 7→ 1
2π
volH2(o, go, gho), where o is the
origin in the hyperbolic plane H2 = SL(2,R)/SO(2) of constant sectional curvature −1
and volH2(o, go, gho) denotes the oriented volume of the geodesic triangle ∆(g, h) spanned
by o, go, gho ∈ H2.
Note that w(T2(S1,F)) is represented by c′T2(g, h) := cT2(1, g, gh). Since SO(2)
stabilizes the metric dx2, the inclusion SL(2,R) →֒ Diff(S1)0 induces an inclusion
i : H2 →֒ Met1(S1) such that i(o) = dx2.
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Let I denote the unit interval [0, 1]. If g ∈ SL(2,R), then we define j(g) : I2 7→
Met(S1) by j(g)(s, t) = si(γt) + (1− s)(tdx2 + (1− t)w(g)dx2), where γ : I 7→ H2 is the
geodesic path joining o and go. Furthermore we define the cochain u ∈ C1c (Diff(S1)0)
by u(g) :=
∫
I2 j(g)
∗T2. Then we have c′T2(g, h) −
∫
∆(g,h) i
∗T2 = u(gh) − u(g) − u(h). It
follows that w(T2(S1,F)) is represented by the cocycle (g, h) 7→
∫
∆(g,h) i
∗T2. Since i is
SL(2,R)-equivariant and T2 is Diff(S1)0-invariant, i∗T2 is SL(2,R)-invariant and hence
proportional to the volume form volH2 , thus i
∗T2 = c2πvolH2 .
Let
A :=
(
1 0
0 −1
)
, N :=
(
0 1
0 0
)
.
Let A♯, N ♯ ∈ X (H2) denote the corresponding fundamental vector fields. Then
volH2(A
♯(o), N ♯(o)) = −2 .
Let A∗, N∗ ∈ X (S1) denote the fundamental vector fields corresponding to A,N . Then
we have
A∗(x) =
1
2πı
(e2πıx − e−2πıx)∂x, N∗(x) = 1
4π
(e2πıx + e−2πıx + 2)∂x .
We have
i∗T2(A♯, N ♯) =
d
ds |s=0
d
dt |t=0
cT2(1, e
tA, etAesN )
= DcT2(A∗, N∗)
= − 1
25/2π9/2
Γ(5/4)
∑
m≥1
1
m2
sin(2πam) .
We conclude that
w(T2(S1,F)) = − 1
25/2π7/2
Γ(5/4)
∑
m≥1
1
m2
sin(2πam)v(δ) .
We have shown the following
Lemma 4.3
T2(S1,F) = − 1
25/2π7/2
Γ(5/4)

∑
m≥1
1
m2
sin(2πam)

β .
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5 Concluding remarks
1. The one-dimensional example shows that T (M,F) is nontrivial in general.
2. In [2] Bott gave a construction of cocyles for Diff(M) given by integration of
locally computable quantities. In our example the class α can be represented in this
way. Since T (S1,F) depends non-trivially on F there is no local representation for
T (M,F) in general.
3. Is there any easy way to compute T2j(S1,F) for j ≥ 2?
4. Can D∗T (M,F) be non-trivial?
5. Give a differential topological interpretation of T (M,F)?
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